Abstract. A new, accelerated algorithm for a system of elastic hard-spheres in which one of the particles (a colloid) is significantly heavier than the others is presented. The algorithm follows the framework of the stochastic heterogeneous multiscale method. It is shown that, in the limit in which the ratio between the light and the heavy particles approaches zero, the dynamics of the colloid is given by a stochastic differential equation. The coefficients of the equation are calculated on the fly using a short-time event driven simulation. The trajectory of the colloid is simulated using Brownian dynamics with the parameters obtained in the micro, event driven one. The efficiency of the simulation is independent of the mass ratio. A few numerical examples, which serve as a proof of principle, are presented. The examples demonstrate that our results are consistent with analytical predictions in the ideal gas limit. A result of a simulation with a dense gas is also presented.
1. Introduction. The equilibrium properties of hard-sphere (HS) systems has been the subject of extensive research for over fifty years [3, 5, 16, 28] . Due the simplicity of the model, it has long been considered as a benchmark problem for a wide range of theories and computer simulation techniques. Of particular interest are binary mixtures of spherical species differing in size and mass [9, 35] which is also considered a first approximation to colloidal suspensions.
From the computational point of view, binary HS mixtures have been proven to be highly challenging [1, 6, 17, 33] . On one hand, Monte Carlo methods [7, 36] suffer from low acceptance ratios unless the system is dilute. On the other hand, molecular dynamics (MD) proves to be inefficient as well. Elastic collisions are discrete, instantaneous events and MD simulations are event-driven [22] , i.e., the system is advanced collision by collision. Alas, the lighter between the two HS species is usually also the faster and denser one. This implies that simulations need to resolve a large number of collisions between the small particles in order to observe any significant movement in the heavy particle. A simple estimation shows that the required simulation time is proportional to the mass ratio between the heavy and light particles. Several useful strategies have been proposed for reducing the computational cost of event-driven simulations by clever bookkeeping of possible future collisions [13, 18, 22, 23] . However, all of these methods address the dependence of the simulation efficiency on the number of particles and not on the mass ratio between the two particle species.
In this paper we present a new approach for simulating HS systems. Our method follows the framework of the stochastic heterogeneous multiscale method (HMM) [10, 32, 34] . In spirit, the method resembles Brownian Dynamics [4] in such that one identifies an effective stochastic differential equation (SDE) that approximates the time evolution of the heavy particles in a certain limit. In HMM, however, the form of the effective equation is more general. Moreover, parameters are calculated on the fly using short-time MD simulation. We show that the efficiency of our method is independent of the ratio between the masses of the two particle species, which constitutes a considerable improvement over a full MD simulation. The main purpose of this manuscript is to present the computational strategy. Therefore, we restrict the discussion to the simplest case of a single heavy sphere, referred to as the colloid, surrounded by N smaller spheres, referred to as the gas. The only interaction between particles are elastic collisions. As an example, we describe the results of a few simulations.
Because the colloid is so much heavier than the gas particles, each collision has a small effect on the colloid velocity. As a result, the collective effect of numerous collisions between colloid and gas makes the displacement and velocity of the colloid seem erratic and stochastic. To be more precise, Let 2 denote the ratio between the mass of a gas particle, m, and that of the colloid, M , 2 = m/M . Denoting the position and velocity of the colloid at time t by x(t) and v(t), respectively, we scale t, x and v according to
In section 3 we show that, in the limit of an infinitely massive colloid, → 0, the dynamics of the colloid converges to a SDE of the form
for some unknown functions µ(u) and σ(u), where B s denotes the Wiener process in R 3 . This motivates the following numerical scheme for computing y(t) and u(t). Let us approximate (1.2) by a forward Euler scheme with step size ∆s
where ξ i are independent, identically distributed (IID) random variables with normal distribution (Gaussian with zero mean and unit variance). The idea behind our proposed algorithm is to evaluate µ(u) and σ(u) in each step by making a short MD simulation of the gas with fixed u = u i . Hence, each Euler step consists of three parts: 1. Micro-solver: Simulate the gas using the full MD event-driven method for a time segment of length ∆t. 2. Parameter estimation: Use the statistics obtained from part 1 to approximate µ(u i ) and σ(u i ). 3. Macro-solver: Move the colloid according to the forward Euler step (1.3). This algorithm is advantageous compared to MD if the length of the simulation at each step, ∆t, is shorter than the Euler step size, ∆s. One of the objectives of this paper is to show that it is possible to take ∆t/∆s to be of order 2 . The layout of the chapter is as follows. Section 2 presents the details of the model. In Section 3, the effective dynamics is derived in the limit of an infinitely massive colloid. Section 4 presents the HMM scheme for HS and Section 5 describes in a few example simulations. Finally, we summarize our results in Section 6 and suggest additional applications for the method.
2. The Model. The system consists of three components:
• colloid: a single hard sphere of mass M and radius R.
• gas: N hard spheres of mass m and radius r.
• heat bath: a heat reservoir at equilibrium with constant temperature 1/β, in thermal contact with the gas. We are interested in a case in which m/M ≡ 2 1 and the only interaction between particles is through elastic collisions. The role of the heat bath is to compensate for the extremely large difference between physically realistic system sizes (of the order of 10 23 gas particles) and computationally feasible system sizes, usually of the order of several thousands of particles. To this end we also employ periodic boundary conditions for the gas. Initially, the colloid is at rest while the velocities of gas particles are randomly distributed according to the Gibbs-Maxwell measure with inverse temperature β, i.e., they are independent random variables with probability density
where v g is the velocity of a gas particle and Z is a normalization constant. The interaction between the gas and the heat bath is through and Andersen thermostat, i.e., random collisions with rate k therm , that randomize the velocity of gas particles according to the initial measure (2.1).
The presence of the heat bath is important for the simulation to be consistent. As explained in the introduction, the HMM scheme requires us to run short simulations in which the velocity of the colloid is fixed. Without the heat bath and with a finite number of particles, the moving colloid will increase the energy and total momentum of the system until the average velocity of all gas particles is the same as that of the colloid. The heat bath makes sure that the distribution of the velocity of gas particles is roughly the Gibbs-Maxwell distribution (2.1). This point is discussed at length in Section 4.
The system can be studied under different equivalent scalings in the limit = m/M → 0. Throughout this paper we will assume that gas particles have unit mass, m = 1, while the colloid mass is large, M = −2 . We also redefine time and space using the usual scaling relations for obtaining the Wiener measure as a limit of random walks: s = 2 t and y = x. As a result, velocity is scaled as u = −1 v. The motivation for this scaling is as follows. Suppose a gas particle with velocity v g hits the colloid moving with velocity v = u. The change in scaled velocity, ∆u, in a single collision is given by
wheren is a unit vector pointing from the center of the colloid to the center of the gas particle. Let · denote ensemble average and suppose v = 0. If the velocity of gas particles, v g , is distributed according to (2.1) then, the average change in ∆u vanishes, u = 0, while the variance is |∆u
. In addition, the number of gas-colloid collisions in a time interval of length ∆T is proportional to (R + r) 2 λ∆T |(v g − v)·n| , where λ = N/V is the number density and V is the total volume (see Figure 2 .1). In a time length ∆s = −2 , u is changed O( −2 ) times, where each change is of order . This calls for a central limit argument. Assume that the waiting time between successive collisions are IID exponential random variables and that the velocities of gas particles hitting the colloid are IID with finite variance. Then, the variance in ∆u at time ∆s is proportional to ∆u 2 ∆s, which is O(1). Durr et. al. [8] prove that the last assumption holds for an ideal gas (r → 0) in the limit → 0. Fig. 2.1 . A caricature of a colloid moving with velocity v. The large sphere collides with all particles whose center of mass is within a distance of R + r from its center. Hence, the colloid hits all particles in a cylinder of volume of vdtπ(R + r) 2 .
dx=vdt R+r
3. Limiting Dynamics. The equations of motion for the colloid can be written as
where
is the rate of momentum transfer from gas particles hitting the colloid, located at time t in position x and moving with velocity v. Due to the discrete nature of elastic collisions, ω is a sum of delta functions,
where, enumerating all colloid-gas collisions for a colloid of mass −2 that is moving with scaled velocity u and fixed gas initial conditions, t i denote collision times, and the momentum transfer at the corresponding collision is denoted ∆p i . In general, ω( , x(t), v(t), t), is a random, non-Markov, process. The origin of the randomness is both the gas initial condition and the interaction with the heat bath. A simple example that illustrates why the transfer of momentum has a memory and is therefore not a Markov process is depicted in Figure 3 .1. This is the main difficulty that had to be overcome in [8, 12] . 00 00 11 11 000 000 000 000 000 111 111 111 111 111 00 00 11 11 000 000 000 000 000 111 111 111 111 111 000 000 000 000 000 111 111 111 111 111 a c b Fig. 3 .1. The figure depicts a situation in which subsequent collisions between the colloid and a particular gas particle carries some memory. (a) A gas particle hits the colloid, (b) bounces back, collides with a different gas particle and (c) hits the colloid again.
Following the scaling arguments of the previous section (1.1), we denote,
3)
The equations of motion become
We proceed with a few definitions: Let (Y 
where ω 0 are the gas initial condition. We would like to derive an effective equation for y (t) and u (t) for small . For demonstration purposes, we repeat here the formal derivation of Papanicolaou [26] for the case in which ω (t) is a Markov process. The theory is developed rigorously in [15, 19, 25] . Although in this model the Markovian assumption is not satisfied, the final result still holds. The general case of non-Markov perturbations is treated in [14, 20, 25, 27] .
Suppose ω (t) is a Markov process with finite correlation time,
ω w (t)dt < C, where C < ∞ is independent of and infinitesimal generator A. The backwards equation for ϕ (t, y, u, ω 0 ) is
with initial condition ϕ (0, y, u, ω 0 ) = φ(y, u). We formally expand
i.e.,
and
Substituting into (3.7), ϕ 0 , ϕ 1 and ϕ 2 solve
Denote by P the projection operator on the Null space of L 1 , P[·] = · y,u . Since φ does not depend on ω, we have that Pφ(y, u) = φ(y, u). In addition, (3.11) implies that
Substituting (3.14) into (3.12), the solvability condition for ϕ 1 is
In this model, this condition is always satisfied since by symmetry we have that ω y,u = 0. Solving (3.12) yields
Substituting into (3.13), the solvability condition for (3.13) yields an equation for ϕ 0 :
Using the Feynman-Kac formula, (3.14), and substituting in (3.9), equation (3.15) can be rewritten as
As stated above, (3.16) holds for a more general case of non-Markov, measure preserving processes. It is applicable in our model since at equilibrium ω (t) is stationary and has finite correlation time. Note that ω (t) = w( , −1 y (t), u (t), −2 t) has an explicit dependence of . However, this does not introduce any additional complications since the limit ω →0 (t) is well defined. In our model (3.16) can be simplified by noting that ∂ω /∂u is O( ) and that averages w.r.t. ρ y,u ω do not depend on y. Hence, to order , (3.16) is reduced to
Furthermore, the system is ergodic due to the interaction with the bath. Changing ensemble averages to time ones, µ(u) can be written as 20) where χ I denotes the indicator function of the event I. Hence, W (∆t) is the average rate of momentum transfer to the colloid in [t, t + ∆t). Similarly, Σ(u) can be written as
It is straight forward to check the Green-Kubo relation,
where p(t) is the total momentum transfer to the colloid in [t, t + ∆t),
Substituting into (3.21) and using ergodicity,
C (∆t) y,u /∆t can be understood as the fluctuation in the rate of momentum transfer to the colloid in [t, t + ∆t). To summarize, in the limit → 0, the dynamics of the colloid is given by a diffusion process with drift µ(u) and diffusion matrix Σ(u). The process satisfies the SDE 24) where σ denotes the square root of Σ, Σ = σσ T .
3.1. Analytic Example -Ideal Gas. The limiting drift, µ(u), and diffusion matrix, Σ(u), can be obtained analytically in the simple case of an ideal gas. Holey [12] proved that in the case of an infinite, one-dimensional, ideal gas (r = 0), w( , x(t), v(t), t) converges to a Markov process in the limit → 0. The proof was extended to three dimensions by Durr, Goldstein and Lebowitz [8] . The one dimensional case is also studied in [29, 30] .
Durr et. al. consider an infinite gas of point particles with unit mass (there is no need for a heat bath since the gas is infinite and there is no self interaction). The initial spatial distribution of the gas is a Poisson field in R 3 with density λ. The initial velocities are independent random variables with Maxwell-Gibbs density (2.1). The outline of the proof in [8] is as follows: consider a new set up in which the large colloid undergoes elastic collisions with particles which are, regardless of previous interaction with the colloid, are always distributed according to the initial measure described above. The first step is to prove that in the limit → 0, the scaled velocity of the new process,ū (t), approximates the scaled velocity of the original equation (3.4), u (t). More precisely, they prove that
where T < ∞ is independent of . The probability space is that of the gas initial condition with the Maxwell-Gibbs measure. In other words, for an ideal gas, the probability of recollisions, which are the source of memory effects in our model, vanish in the limit → 0. The motivation behind this approximation is that the new rate of momentum transfer to the colloidω( , x, v, t) is a Markov process whose probability distribution can be calculated. It is given by the probability density [8] 
, dΩ is a solid angle element on the surface of the colloid and
is the one dimensional velocity probability density for gas particles. The corresponding scaled position,ȳ (t), and scaled velocity,ū (t), are also Markov processes that satisfy (3.4) withω replacing ω. Substitutingω = dp /dt into (3.18) and (3.19) yields, to leading order in ,
This implies that the scaled velocityū is an Ornstein-Uhlenbeck process,
It is important to note that our simulation does not make any use of this equation. For r > 0, the dynamics of the colloid is more complicated. First, the rate of momentum transfer to the colloid is larger since the colloid-gas cross section is proportional to (R + r) 2 rather than R 2 . Hence, as a first correction we take
(3.27)
In addition, it is expected that correlations between successive colloid-gas collisions become important at high gas concentrations [11, 21, 24] . The advantage of our method is that by admitting a general form of a limiting equation, (3.24), rather than assuming an effective Ornstein-Uhlenbeck process, (3.26) , is that correlation effects are taken into account. In Section 5 we describe a few numerical experiments that study the deviation of the colloid dynamics from (3.26), and of µ(u) and Σ(u) from (3.27).
4. The Numerical Algorithm. We wish to integrate the equations of motion up to time S = −2 T , for some T < ∞ independent of . Using a forward Euler integration scheme with step size ∆s = O( −2 ), the scaled position and velocity of the colloid are approximated by (1.3). As explained in the introduction, the algorithm consists of three steps: (1) a micro-solver which simulates the system using the full MD method for a short time segment ∆t, (2) parameter estimation, in which the MD results are used to evaluate µ(u i ) and σ(u i ), and (3) a Macro-solver, e.g., forward Euler, that integrates (1.3).
Estimating Σ(u)
. Suppose we simulate our system while keeping the velocity of the colloid constant. The thermal contact with the heat bath makes sure that the dynamics has an equilibrium measure. Recall that Σ(u) is given by (3.23) with
However, in Section 4.2 we will show that p(t, ∆t) y,u is of order and can therefore be neglected. For dilute gases, correlations decay exponentially [2, 11] . However, even at higher densities the gas evolves on a time scale that is O(1). Denoting the characteristic correlation time by τ cor = O(1), the variance in C (∆t) is of the order of τ cor /∆t. Let us write
where X i is a random variable that includes fluctuations in C (∆t) due to the finite ∆T and . The above discussion implies that the variance of X i is of the order of τ cor /∆t. A straightforward, although relatively inefficient method to evaluate Σ is to take ∆t = ∆s since then Var X i → 0 as → 0 and C (∆t) converges to Σ(u i ). However, the efficiency of this method, which is equivalent to the multiscale method of Tuckerman et. al [31] is O( −2 ), just as the full event-driven MD simulation. In some systems this scheme does have a computational advantage over the full MD, for instance in a case in which the colloid is moving in an external field or when the number of colloids is large, since the position and velocity of the colloid are updated less frequently.
In order to improve on that result, we note that the forward Euler scheme (1.3) takes a total of ∆s −1 steps. Each step introduces an additional independent error of order ∆s · τ cor /∆t. Hence, the over all error for the entire simulation to time S has variance that is O(τ cor /∆t). This can be made arbitrarily small by taking ∆t several times longer than τ cor . The key point is that in order to get a fixed accuracy ∆, independent of , the sampling time ∆t is also independent of . Taking ∆t independent of has an additional advantage. At fixed , the scaled velocity u (t) changes in each collision by order . As a result, one can preform the MD simulation with the correct colloid mass −2 rather than with an infinite one. This implies that the colloid changes its velocity during the MD simulation by order O( ). Hence, the average we calculate are different than their → 0 limit by order . Using the notations of section 3, this means that replacing · y,u (fixed y, u) by E y,u [·] (initial y, u) introduces an error of order . Using the correct (rater than the → 0 limit) should give a more accurate approximation of the exact equations of motion of the colloid (3.4). Such a simulation takes into account all correlations between colloid-gas collisions that happen up to time ∆t.
Estimating µ(u). Recall that µ(u) is given by (3.20):
The momentum transfer to the colloid at each collision is of order one. Hence, W (∆t) changes in jumps of order one as well. At a first glance, it may seem like µ (u) is of order −1 and diverges in the limit → 0. However, the momentum exchange at each collision (2.2) implies that ∆p j is a function of the relative velocity between the colloid and the colliding gas particle. Therefore, W (∆t) can be split into two terms:
where v i g denotes the velocity of the colliding gas particle andn i is the incident direction of the i'th collision in [t, t+∆t). The second term, W 2 presents no difficulties due to the explicit dependence on . The first term, W 1 , includes many elements of order one. For a colloid at rest, these terms average out to zero due to rotational symmetry. Therefore, if the colloid is moving with a characteristic velocity of the order of , then W 1 is also of order . Hence, W (∆t) is of order , and µ(u) is well defined.
From the computational point of view, the variance in ∆sµ is of the order of ∆s 2 −2 τ cor /∆t. Taking ∆s −1 independent steps, the overall variance to time S is −2 τ cor /∆t. As before, taking ∆t = O( −2 ), the overall variance is O(1) and can be made arbitrarily small. Again, this presents no advantage over the straightforward simulation. The difficulty is, that due to the −2 factor, it is not possible to take ∆t to be of order one as before. In order to improve on this method we split µ into two terms µ 1 + µ 2 , corresponding to W 1 and W 2 :
From (4.4), it is clear that evaluation of µ 2 presents no difficulties. The variance in each step is of the order of τ cor /∆t and to leading order it is independent. Therefore, taking ∆s −1 independent steps of length ∆t = O(1), the variance in ∆sµ is proportional to ∆s. This can be made smaller than the required accuracy ∆ by taking small enough ∆s. For W 1 we write
where X (∆t) denotes a random process that describes fluctuations due to the final time simulation, ∆t. The previous discussion shows that lim ∆t→∞ W 1 (∆t) is of order . In particular, lim ∆t→∞ W 0 1 (∆t) = 0. Hence,
We show that X (∆t) y,u is of order one. Using the same gas initial conditions, we simulate the system twice up to time ∆t independent of . In the first run, we take u = 0, i.e., the position of the colloid is fixed, even after it collides with gas particles. In the second simulation, the colloid moves with a constant velocity v = u. The difference in momentum transfer between the two simulations comes from the fact that because the colloid moves in the second simulation, collisions do not take place at exactly the same place on the colloid surface. However, since the colloid does not move by more that u∆t, which is O( ), the angle ϕ between u and the point of collision is also different by order . The momentum transfer, which is proportional to cos ϕ, changes by order at worst. Note that this analysis includes also the case in which a collision is completely missed or added since in this case ϕ = π/2.
Summarizing, we have presented a numerical scheme that evaluates both Σ and µ at each macro time step. In order to simulate the colloid dynamics with a prescribed accuracy ∆, the overall complexity of the method is S/(∆s∆t), which is independent of . This is a considerable improvement over previous methods who run in O( −2 ) time.
4.3. Heat Bath. The implementation of the heat bath is a delicate issue in our algorithm. We employ an Andersen thermostat, in which, at Poisson distributed times with rate k therm , one randomly selects a gas particle and randomizes its velocity according to the Maxwell-Gibbs distribution. The main parameter that controls the influence of the bath on the gas and therefore on the colloid is the rate of randomization, k therm , which determines the strength of the thermal coupling between the gas the bath. On one hand, this coupling needs to be strong enough, so that the velocity distribution of a fresh gas particle, which did not previously hit the colloid, is as expected at equilibrium. On the other hand, the same coupling can not be too strong to ruin correlation effects, at least up to several times the correlation decay rate. This implies that if, for example, as depicted in Figure 3 .1, a gas particle hits the colloid twice within a given time segment shorter than several times τ col , then its velocity should not be randomized (or, at least randomized with a very low probability).
The reason why it is possible to adjust the heat bath to fulfill both requirements is the short time, ∆t = O(1), for which the full MD simulation is performed at each Macro-step. During the MD simulation, the coupling with the bath is taken to be small. In addition, particles that recently hit the colloid, or are suspected to do so within ∆t are not randomized. However, after the colloid is advanced by the Macrosolver, the velocity of a large fraction (or even all) of the gas particles are randomized. Using this approach, the movement of the colloid does not heat up the gas, while the bath does not interfere with gas-colloid collisions in the vicinity of the colloid. In practice, these requirements are checked a posteriori by testing the dependence of the results on the coupling constant and by monitoring the average and variance of the velocity of gas particles.
4.4. Some technical aspects. Our numerical scheme depends on a self consistent assumption that the scaled velocity u is of order one. However, these assumption may be temporarily violated due to large fluctuations, which are not only inevitable, but constitute an integral part of the dynamics.
In particular, the method for calculating the drift term µ depends on a fine canceling of the momentum transfer between two different simulations. An uncharacteristic value for u can result in an unrealistic value for µ(u), and the whole scheme may become unstable. In order to deal with these occurrences, the consistency of the above assumptions needs to be monitored. To this end, if the value of u is larger than a given threshold (around several times ), we do not preform any Macro-steps. Instead, we advance the system using MD alone until the colloid is slowed down due to collisions with the gas. We also check to see that at each step, the total momentum transfer to the colloid is also of order . As before, if it is larger than several times , then the Macro-step is not preformed. In Section 5 we show that in practice this mechanism is not applied too frequently. Nonetheless, it is important for the stability and accuracy of the algorithm.
The next detail which requires some attention is the calculation of the random, diffusive part of the step, which is a Gaussian random variable with zero mean and covariance matrix hΣ. It is interesting to note that such a random variable can be generated from the simulation itself since
has the correct distribution up to a small error of the order of .
4.5. The MD simulation. The method used for the event driven MD simulation has a large impact on the actual running time of the simulation. However, the gain in computational time due to the multiscale scheme we suggested is independent of the MD scheme.
In the simulations described in the following Section, the simulated volume is divided into cubic cells as suggested in [3] . Denoting the length of the cells' side by l, simulation time is divided into long cycles in which none of the particles move by more than l/2 − r. This guaranties that within a single long cycle a particle can only collide with others that are in one of its neighboring cell. Then, we calculate the first time collision time for every particle. The information on prospected collisions that may occur before the end of the long cycle are kept in a heap, arranged according to collision time. The system is then advanced, collision by collision until the end of the long cycle. Note that at each collision there is no need to update the position of all particles, but only of the particles participating in the collision. This method is described in [22] .
The number of cells is chosen to maximize performance. We found that the optimal number of cells is such that the time length of long cycles is a little longer than ∆t, the length of each MD simulation. Most of the computational time is spent at processing the beginning of long cycles. Therefore, whenever a regular step is taken, we simulate the gas to the end of the long cycle, rather than a for a fixed time ∆t.
Initially, gas particles are placed on a cubic lattice and velocities are chosen randomly from the Gibbs distribution with inverse temperature β. The system is equilibrated by running the MD simulation until on average all gas particles collide once. We have found that longer equilibration times do not affect the results.
Example experiments.
In order to demonstrate our method, we conducted a few numerical experiments. These examples serve as a proof of principle and demonstrate that our results are consistent with analytical predictions in the infinitely dilute limit. We also describe the results of a simulation we preformed with a dense gas.
The compatibility of our simulations with the expected limiting behavior is evaluated through two dynamical properties: the average fluctuation of the scaled velocity and the colloid diffusion coefficient. At equilibrium, it is expected that if collisions with gas particles are independent, then the average square velocity should be given by the equipartition theorem
or E k = β u 2 /3 = 1. This relation indeed holds for the Ornstein-Uhlenbeck process (3.26) with parameters according to (3.27) .
The diffusion constant of the colloid is defined as
For Ornstein-Uhlenbeck we have that
In simulation, the diffusion coefficient D can be found by the asymptotic value of x 2 (t) /t in the limit t → ∞.
As an example, we preformed two different experiments. The first tests the dependence of the colloid dynamics on the mass ratio between the colloid and gas particles, −2 . Table 1 details our results for a dilute gas with two different values of : 0.1 and 0.02. We find that the dynamics of the colloid is well approximated by the limiting Ornstein-Uhlenbeck process even for relatively large values of . The number of particles in both simulations is N = 40000 and the inverse temperature is β = 1. The radius of gas particles is r = 0.001 and that of the colloid R = 0.1. The density of the gas, measured by the ratio between the volume occupied by the gas particles and the close packing volume is approximately φ = 2.5 · 10 −4 . Hence, the gas can be
0.98 ± 0.08 0.003 ± 0.0004 0.1 1.1 ± 0.1 0.0029 ± 0.0003 Table 5 .1 Simulation results for a system of N = 40000 gas particles and β = 1. The table compares the average kinetic energy and diffusivity of the colloid as obtained using our accelerated method, with values predicted by the limiting OU process.
0.0031 0.95 ± 0.1 0.003 ± 0.0006 0.3 1 0.0015 0.9 ± 0.1 0.0009 ± 0.0002 Table 5 .2 Simulation results for a system of approximately N = 20000 gas particles and β = 1. The table compares the average kinetic energy and diffusivity of the colloid as obtained using our accelerated method, with values predicted by the limiting OU process.
considered to be dilute. The length of the MD simulation, ∆t, is taken to include, on average, about 2.5-3.5 collisions between the colloid and gas particles. The size of the Macro-solver steps, ∆s, is taken to be about ∆s = −2 ∆t/5. As explained in Section 4, fluctuations in u increase with larger step size ∆s. As a result, we found that the algorithm is more efficient if one takes the ratio ∆s/∆t to be a little smaller than −2 . In addition, a smaller Macro step size reduces the error of the forward Euler scheme. We found that the above ratio is appropriate for a wide range of values of . Statistical errors were obtained using block averaging.
A second pair of experiments was intended to check the dependence of the colloid dynamics on the gas density. Table 2 presents our results for additional two simulations. In the first, the number of particles is N = 25000 and r = 0.001, i.e., φ = 1.5·10 −4 . Hence, the gas is dilute. Additional simulation parameters are = 0.01, R = 0.07 and β = 1. Once again, ∆t was chosen to include 3 colloid-gas collisions on average and the acceleration is ∆s/∆t = −2 /4. In the second simulation, the number of gas particles is N = 20000 and r = 0.014. Hence, density of the gas is φ = 0.3. which implies that it is no longer dilute. Note that this concentration is still below the liquid-solid phase transition for hard spheres, which is expected at a ratio of approximately φ = 0.65. Additional simulation parameters are = 0.02, R = 0.1, β = 1. To the best of our knowledge, there are no previous results in the literature for this system in the above parameters range. 6. Conclusions. The different schemes available for molecular dynamics simulations can be divided into two categories. The first type attempts to follow the evolution of all particles according to Newton's equations of motion. Included in this category are the multiscale methods proposed by Tuckerman et. al. [31] and similar ones. Although these methods save considerable computing time by evaluating slowly changing forces less frequently than fast changing ones, the time step taken by their innermost loops is always on the same scale of the fastest dynamics. The integrator they suggest does not include any stochastic elements. On the other end of the spectrum is Brownian dynamics [4] , that simulates the limiting equations of motion without resolving any details of the gas. In this approach dynamical parameters such as µ and Σ have to be calculated before hand. This paper presents a new approach that can be regarded as a intermediate alternative between molecular and Brownian dynamics. The algorithm was derived from the heterogeneous multiscale method [10, 32, 34] and applied for the case of elastic spheres. The advantage of HMM is that on one hand, it does not require knowledge of the parameters of the limiting equations a and Σ. These parameters are calculated on the fly. On the other hand, compared to the full simulation, the efficiency of the method does not depend on the mass ratio between the colloid and gas particles.
The numerical experiments presented here are benchmark examples for demonstrating the advantages of the method. Our results show that with dilute gases, the dynamics of the colloid is well described by an Ornstein-Uhlenbeck process with parameters µ and Σ given by (3.27) . However, when the density of gas particles is high, correlations between successive collisions become important. Our simulations show that in this case the dynamics of the colloid deviates significantly from the analytic solution of the infinitely dilute, ideal gas limit.
The simulation method presented here suggests numerous applications and generalizations to systems in which the colloid dynamics is more complicated, and the limiting equation is more difficult to obtain or may not be known. For example, the case in which the colloid is not a sphere but an ellipsoid poses an enormous computational challenge. The angular momentum of the colloid has to be taken into account and calculating collision times is more complicated. Another interesting generalization is to the case of two or more colloids. When the separation between two colloids is a few times the diameter of gas particles, the collective effect of colloid-gas collisions is to push the colloids closer together [6, 35] . We expect to find that under appropriate scaling, the two colloids become effectively trapped in a metastable state keeping them close for a long time. Hence, the limiting rate for the dynamics may be the escape rate out of this state. Simulating this system is more complicated since due to the effective force on each colloid, the system is expected to show nontrivial dynamics on the −1 time scale.
